RF phase modulation can be used to measure the beam transfer function in the study of wake field, machine impedance, and the characteristics of collective instabilities. The effect of rf phase modulation can be understood by employing the Hamiltonian analysis of resonance structure. For particle motion with a zero synchronous phase angle, the resonance strength can be analytically evaluated. This paper calculates and tabulates resonance strength functions with non-zero rf synchrotron phase angles. The expansion of the normalized off-momentum coordinates in action-angle phase space coordinates is derived. Our results are compared with that obtained from the canonical perturbation method. Implication of our work in the beam transfer function measurements will be discussed.
INTRODUCTION
Synchrotron motion of particles in accelerators inevitably experiences perturbation from rf phase noise, power supply ripple, etc, which can cause rf phase modulation. Meanwhile, rf phase modulation can also be used to measure the beam transfer function in the study of wakefield, machine independence, collective beam instabilities. Therefore, study of rf phase modulation becomes important in some cases. Experiments and theory analysis of rf phase modulation with a zero synchrotron phase angle have been reported in the references [ l , 21. RF phase modulation can be understood with Hamiltonian analysis of resonance structure. Although analytical analysis for rf phase modulation with a zero synchrotron phase angle has been obtained, it is difficult to go further with the same approach in the case of non-zero synchrotron phase angle.
Then, a numerical method is used to obtain the resonance strength, which is tabulated in the appendix. Comparison with canonical perturbation is given. This paper goes as follows: Section 2 gives derivation and expansion of the normalized off-momentum coordinate in action-angle phase space coordinates. Section 3 gives comparison with the analytical result in the case of zero phase angle and canonical perturbation with non-zero synchrotron phase angle. Then Conclusion is given in Section 4.
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HAMILTONIAN RESONANCE STRUCTURE
The synchrotron Hamiltonian of a single particle in the normalized phase-space coordinates is [3] 1 77
where P is a normalized off-momentum coordinate, q5 is the phase angle, cps is the synchronous phase angle, and vsynO serves as the independent variable (or time variable). Here 0 is the orbit angle around the synchrotron, and vSyn is the synchrotron tune at $s = 0. Without loss of generality, we assume 17 < 0 hereafte? Since the Hamiltonian Ho is"time" independent, it is a constant of motion. Similarly, the action, defined as
is a also a constant of motion. Expressing the Hamiltonian HO as a function of the action J , we find the amplitude dependent synchrotron tune becomes Q s( J ) = 8Ho/dJ.
With the generating function,
,$
F2(4,J) =

Pd4,
angle coordinate is
In the presence of a harmonic rf phase modulation, the
Hamiltonian becomes H = HO + H I , where is the perturbation term. Here, v,, a, and xo are the ratio of the rf phase modulation tune to vsyn, the modulation amplitude, and the phase factor. To study the effect of rf phase modulation on particle motion, We can expand the normalized off-momentum coordinate in the action-angle variables as
Since P is real, we have f -n = fi. Using the identity,
Pd.11, = Qsd4, we obtain 0-7803-7 19 1-7/0 1/$10.00 02001 IEEE. 
COMPARISON
This section compares the resonance strengths obtained from the exact canonical transformation and perturbation expansion.
Analytical method for a zero synchrotron phase angle
The Hamiltonian with a stationary synchrotron motion is:
1
The expansion of P in Fourier harmonics of + is given
The Figure 1 show the difference between this formula and numerical calculation for the same order, f!. 
Comparison of resonance strengths obtained from the canonical perturbation and the exact canonical transformation obtained by numerical integration is shown in Figure  1 . The results are tabulated in Tables 1-3 .
CONCLUSION
For analytical analysis in the case of a zero synchrotron phase angle and canonical perturbation in the case of nonzero synchrotron phase angle, they are very good approximation to the first order when the Hamiltonian values are small. When the Hamiltonian value is large, the perturbation expansion can overestimate the resonance strength up to 30%. 1.14 i -0.263E-01i 0.132E-022 -0.593E-03 0.926E-04 0.289E-04 
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